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ALTERNATING CURRENT AND RESONANT CIRCUITS

ABSTRACT

The frequency responses of first and second order circuits are characterized and compared to
theory in this experiment. The voltage drop across components of an RC series circuit, an RL series circuit,
and an RLC series circuit were measured and normalized to the alternating input voltage. Response when
driven at the resonant frequency was observed for the RLC circuit, and the quality factor was cal culated
within 15% of the theoretical value. The observed frequency response closely resembled theory for all
circuits, with errors arising mostly from non-idealities of components and sources. The pulse response of
the RLC circuit was also observed; the natural response was underdamped, and the time constant and
frequency of oscillation were measured within 8.1% and 2.9% of the theoretical values, respectively.
INTRODUCTION

The study of alternating current is one of the most practical topicsin the classical field of
electricity and magnetism. AC power systems are the world standard, with the voltage difference between
the terminals of a standard outlet being v(t) = 170 cos 377 t.* One of the most useful techniques for
analyzing AC circuitsis phasor representation, which was devel oped around 1893 by Charles Steinmetz for
General Electric.? A phasor isavector in the complex plane that can represent avoltage or current given as
afunction of time without losing any important information. The total impedance, Z, presented by the
passive elements (resistors, capacitors, and inductors) of acircuit, isdefined astheratio Z = V/I, and isalso
aphasor with area and imaginary component.?

In thefirst part of this experiment, two first order circuits are examined. In aseries RC circuit at
low frequencies, the voltage drop is mostly across the capacitor. However, since the voltage drop across a
capacitor cannot change instantaneously, the majority of the voltage drop is across the resistor at very high
frequencies. Inaseries RL circuit at low frequencies, the inductor is very much like a short circuit, and
most of the voltage drops across the resistor, while at high frequencies the majority of the voltage drop is
across the inductor.?

In the second part of this experiment, a series RLC circuit is examined. RLC circuits and other
resonant circuits that can select a small range of frequencies are the basis for many electronic devices,
allowing electromagnetic waves to be generated, transmitted, and received, asin a standard radio. The

majority of the voltage drop is across the resistor only in arange of frequencies during which the effects of

the inductor and the capacitor cancel each other out. The size of thisrange is quantified in the quality
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factor, Q, of acircuit. Circuits with a high Q have most of the voltage drop across the resistor for avery
small range of frequencies. A radio receiver usually requires a Q of severa hundred.*

The pulse response of an RLC circuit is also measured in this experiment. Given an initial
voltage, such as a pulse or the turn-on of a DC source, energy is transferred back and forth between the
capacitor (whereit is stored in electric fields) and the inductor (where it is stored in magnetic fields).*
When the resistance is low, as in this experiment, the response is underdamped, taking the form of a

damped sinusoidal function.

THEORY

An alternating voltage source v(t) = V cos (Ut + 8) can be represented in phasor form asV = Ve°
= VDo, where V isavector on the complex plane of length V at angle 6. The phasor voltage and current
arerelated by the formulaV = ZI, where Z isthe total impedance, with Zg =R, Z_ =juL, and Z¢ = 1/juC
for sinusoidal waveforms.?

Using voltage divider, the ratio of the voltage across the resistor to the source voltage in an RC

series circuit can be written

Ve _Zg _ Zg _ R __jwRC

Vi, Zuya Zc+tZg 1/jWwC+R  1+jwRC

The magnitude and phase angle of Vr/Vj, can then be represented as follows:

Va|___wRC p YR —g0° - tan}(WRQ)
Vil 1+ wRC)? Vin

Since the output voltage drop across the resistor is close to the input voltage at high frequencies, thisis
known as a high pass filter.

Similarly, the ratio V/V;, can be found using voltage divider, and then its magnitude and phase

are known:

Ve _ Z¢ _ Z¢ _ UjwC _ 1
Vii Zoa Zc+tZr 1JWC+R ~ 1+jwRC

n
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Vel _ 1 ) \\;—C = - tan”(WRC)

|
Vil 1+ (wRC)? in

An RC circuit with the output voltage measured across the capacitor is known as alow passfilter, since the
output voltage is similar to the input voltage at low frequencies.

In the RL circuit,

Ve Zp . Zx _ R _ 1

Vi, Zwa Zr+Z, R+WL 1+jwL/R
Ve - 1 p YR - tanl(wL/R)
Vil 1+ (WL /R)? in

vV, Z, _ z, _ jwL _ jwL/R

Vi, Zwa Zr+Z, R+WL 1+jwL/R

v

Vi|___wL/R P L =90°- tan"(WL/R)
Vil 1+ L /R)? Vin

Thus, the RL circuit acts as alow pass filter when output is measured across the resistor, and as a high pass
filter when output is measured across the inductor.

Finally, for an RLC series circuit,

Vg _ Zq _ R _ 1
Vi, Zg+Z, +Zc R+jWL-1/wC) 1+(j/R)(WL - 1/wC)
IV I— > b V_ =- tan Q—R =
inl  JL+[U/R)WL - 1/WC)] in é o
Vie . Z +Z¢  _ jwL-1/wC) _ (WL- 1/wC)? +jR(WL - 1/wC)
Vii, Zgr+Z +Z:. R+jwL-1l/wC) R? +(wL - 1/wC)?
Vic| o J(wL- 1/wC)? p Ve i@ R0
| Vin | JRZ + (WL - 1/wC)? Vin ewL - /wCg

For a series RLC circuit, the frequency at which the imaginary part of the impedanceis zero is
called the resonant frequency, or U,. SinceZ =R + j(uL — 1/UC), U, = VI(LC), so at resonance Z, =R,

and the entire voltage drop is across the resistor.
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The quality factor, Q, of acircuit, is a dimensionless ratio associated with a band pass circuit,

which can be defined and calculated for an RLC series circuit as follows:

=2 maximumenergy stored . LIZ = 2pf Loy L _i\/z
energy dissipated/cycle RIZ. /f, °R °R R\C

Q can aso be calculated from the half-power frequencies, U, and U,, at which the magnitude |V ou/Vin| =

1/12:

WO
Wy - Wy

The more selective a band pass filter is, the higher the quality factor.?

When a pulseis applied to a series RLC circuit, the circuit behaves as if connected to a DC source
with a switch closed when the pulse turns on. The particular or forced response of the circuit is zero, since
after along time the inductor will appear as a short circuit and the capacitor will appear as an open circuit
to the DC source, so no current will flow and the entire voltage drop will be across the capacitor. The
natural or homogenous response can be found using the impedance function. With R; representing the
resistor and R, representing the extra resistance of the source and inductor, the impedance function looking

in from terminals across R; can be written as follows:

Ry(R,+sL +1/sC) _ s°R;L +R;R,s+R,/C
Ry +R, +sL +1/sC L +(R; +R,)s+1/C

Z(s) =

Using the poles of the Z(s) for the natural voltage,

Ri+R, , &R, +R, 6" 1
2L \é 2L 5 LC
When the resistance is low, the response will be underdamped, and s will equal —a + ju, where the natural

response is of the form v,(t) = A €@ sin(Ut + 6).

EXPERIMENT
Three different circuits were analyzed in this experiment, al consisting of individual elementsin

serieswith asignal generator, which applied asinusoidal voltage to each circuit. Thefirst circuit contained



Larrimore 5

aresistor and a capacitor, the second contained aresistor and an inductor, and the third contained aresistor,
an inductor, and a capacitor. The components used in each circuit were measured with a precision meter.

Using an oscilloscope, the total voltage drop across each circuit and the drops across individual
elements were separately measured. The peak-to-peak magnitude of each voltage drop and the time
separation of the peaks of the two signals were recorded for arange of frequencies. In the first order
circuits (the RC and RL circuits), the voltage drop across each element was measured, and in the RLC
circuit, the voltage drop across the resistor (Vg) and the voltage drop across the combination of the inductor
and capacitor (V) were measured.

The response of the RLC circuit to a short pulse was also measured, and the oscill oscope data
were downloaded to a computer for further analysis.

The data from all circuits in this experiment were analyzed using Kaleidograph.

RESULTS

The following values were obtained when the components in each circuit were measured with the
precision meter. For the RC series circuit, C = 258.5 pF and R = 1025 U. For the RL seriescircuit, L =
291.21H, and R =100 U. For the RLC seriescircuit, R = 10.72 U, C = 258.8 pF, and L = 289.8 i H (with
R, = 6.18 U). For the pulsed RLC series circuit, R =47.31 U, C=250.7 pF, and L =295 iH (withR_=
5.96 U). Thelast digit of each measurement is uncertain.

For the RC series circuit, the theoretical and calculated magnitude of Vo/Vi, is displayed in
Figure 1, and the phase difference between V,; and V;, is displayed in Figure 2, where V,; is measured

separately across the resistor and across the capacitor.
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Figure 1. Normalized magnitude of voltage drop across R and C in RC series circuit
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For the RL series circuit, the theoretical and cal culated magnitude of Vo/Viy, is displayed

in Figure 3, and the phase difference between V, and Vi, is displayed in Figure 4, where Vo is

normalized voltage

phase shift (degrees)

measured separately across the resistor and across the inductor.
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Figure 3. Normalized magnitude of voltage drop across R and L in RL series circuit
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For the RLC series circuit, the theoretical and calculated magnitude of Vq/Vi, isdisplayed in
Figure 5, and the phase difference between V,; and V;, is displayed in Figure 6, where V,; is measured

separately across the resistor and across the combination of capacitor and inductor.
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The resonant frequency, f,, at which [Vr/Vi,| peaks and the phase of Vg/Vi, is zero degrees, falls
somewhere between 572 kHz and 581 kHz, according to our measurements. By using f, = 1/(28M.C), f ,=
581 kHz, which is within the experimental measurement.

At f,, the output voltage was at a maximum of 260 mV, so the voltage cursors were set 260/[2 =
183 mV apart on the oscilloscope, and the half-power frequencies at these voltages were 560 kHz and 603

kHz. The quality factor of the circuit can then be calculated as

Wo o To _S81_pq5
w,-w, f,-f, 43 7

Qe(p =

This should equal the Qneory Calculated using the measured component values:

1 /L 1 289.8" 10°°
- /_ - / =15.8
Qreory RYC 10.72+6.18+50\ 2588" 10°2

The percent difference between Queory 8Nd Qeyp 1S 15%.

When we attempted to construct a phasor diagram of V¢, V|, and V¢ at resonance, V;, was
observed to change depending on whether the oscill oscope was connected across the LC combination or
just L. Then, with the f = 333 kHz, the following measurements were taken: Vi, = 1.98 V, Vg = 0.04 V,
Vi c=202V,V =130V,and V=380 V.

For the pulsed RLC circuit, apulse of height 5.0 £ 0.1 V and width 9.8 + 0.1 i swas applied. The

output voltage across the resistor during and after the pulse is displayed in Figure 7.
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Figure 7. Response of resistor in pulsed RLC circuit. Pulse amplitude
is 5.0 +/- 0.1V, and pulse width is 9.8 microseconds.
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The period for each cycle was found to be 1.721's, so U = 28/T = 3.57 x 10° rad/s. When U is

calculated using the values of the components and the equation given in the theory section, U = 3.67 x 10°

rad/s, a 2.9% difference from the experimental calculation.

The voltage and time at each peak and valley of oscillation were recorded using the oscilloscope

cursors, and a decaying exponential was fit to these pointsin Kaleidograph to find 6 =5.24 + 0.08 s, as

seen in Figure 8.
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Figure 8. Calculation of RLC circuit time constant using the envelope of the

output oscillations, which was obtained from recording the peaks and valleys

on the oscilloscope. The time constant is m2.
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Using the measured values of the components 4= Ryga/2L = 1.75 X 10°,s06=1/4=5.71s, an 8.1%

difference from the value found from Kaleidograph.

DiscussioN
The relationship between voltage and current for capacitors and inductorsisrelated by a derivative
or integral, resulting in the fact that the voltage across a capacitor lags the current through it by 90°, and the
voltage across an inductor leads the current through it by 90°. In aseries RC or RL circuit, the phase of the
current equals the phase of the voltage across the resistor. Thus, the phase of the voltage across the
capacitor should be 90° behind the phase of the voltage across the resistor in an RC circuit, which iswhat is
observed in Figure 2. Similarly, the V/V, phase shift in an RL circuit should be 90° ahead of the Vr/Vi,
phase shift, as seen in Figure 4.
Since phasors are vectors in the complex plane, and since V/Vi, * Vr/Vi, in the RC circuit and
V /Vin ™ VRrIViyinthe RL circuit, the Pythagorean Theorem states that in the RC circuit
(Vo/Vin)® + (VRIVin)* = 1
and in the RL circuit
(VVin)? + (VRIVi) = 1.
Phasor diagrams of the RC and RL circuits and interesting frequencies are seen in Figures 9 and 10. The
RC phasor diagram approximately represents our measurement at f = 172.5 kHz, and the RL phasor

diagram approximately represents our measurement at f = 30.3 kHz.
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isseenin Figure 11.

For the RLC circuit, anideal phasor diagram at resonance, which occursin our RLC circuit at f, = 581 kHz,
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The measurements taken at f = 333 Hz cannot be used to construct a phasor diagram, for the vectors cannot
mathematically add up at any angles. It can be concluded that by attaching the oscilloscope to the circuit
for measurements, it changes the circuit somehow.

Most of the experimental data appeared very close to theory for the frequency response graphs.
The graph that most distinctly deviates from the theoretical curve isthat of the phase shift across the
inductor in the RL circuit; whereas the theoretical curve goes to 90° at low frequencies, the experimental
data points start curving downwards. Since the phase shift was calculated by dividing the time difference
by the period, and the period is very large at very small frequencies, any errors in measuring the time shift
are amplified. The V,/V;, phase shift could also be calculated by adding 90° to the V/V;, phase shift,
which would yield a more accurate result.

Thefairly large error in calculating the quality factor of the RLC circuit is probably due to the
imprecision of the method used to find the half power frequencies. The difference between the frequencies
could easily have been 37 Hz instead of 43 Hz, and then the experimental Q would have matched the
theoretical one. Also, there may have been stray impedances and non-idealities in sources and cables that
were not accounted for in the theoretical Q.

The response of the pulsed circuit very closely matched theory, as the difference between the
theoretical and experimental time constant was 8.1%, and the difference between the theoretical and
experimental frequency was 2.1%. It isinteresting to note the response after the pulse turned off; it appears
similar to the response during the pulse, except it starts going down instead of going up. During the
duration of the pulse, a voltage difference is accumulating across the capacitor; if the pulse lasted along
time, the entire amplitude of the pulse voltage would drop across the capacitor, and no current would flow
in the circuit. When the pulse turns off, the capacitor discharges, inducing a current in the opposite

direction and a response across the resistor, which is similar (but opposite) to its response during the pul se.
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Conclusions

These experiments illustrate some of the important concepts of alternating current and resonant
circuits. The frequency responses of two first order circuits (series RC and RL) are examined, illustrating
high pass and low passfilters. A second order resonant circuit (series RLC) is also examined. Just as
simple harmonic oscillators in mechanics have a constant oscillation frequency, even as they are damped
by forces such asfriction, the charge in an RLC circuit oscillates with a constant frequency between the
capacitor and inductor while the resistor damps the amplitude of oscillation, as was observed during the
pulse response across the resistor. With output measured across the resistor, the RLC circuit acts as a band
pass filter; the quality factor, which isinversely related to the width of the peak in the magnitude frequency
response plot, was calculated. Experimental observations closely matched theory for all circuits, with

errors arising from measurements and non-idealities in sources and components.
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