CGN 3421 - Computer Methods Gurley

Numerical Methods Lecture2 Simultaneous Equations

Topics: matrix operations
solving systems of equations

Matrix operations;

Mathcad is designed to be atool for quick and easy manipulation of matrix forms of data. We' ve seen the
matrix before asa 2-D array. That is, many pieces of information are stored under a single name. Differ-
ent pieces of information are then retrieved by pointing to different parts of the matrix by row and column
indexes. Here we will learn some basic matrix operations. Adding and Subtracting, Transpose, Multipli-
cation.

Adding matrices

Add two matrices together isjust the addition of each of their respective elements.
If A and B are both matrices of the same dimensions (size), then

C:=A+ B

produces C, where the it row and | column arejust the addition of the elements (numbers) in theit row
and j column of A and B

Given: A = 135 ,and B = 246
7911 8 10 12

so that the additionis: C: = A+B = [3 7 11}

The Mathcad commands to perform these matrix assignments and the addition are:

A:=Crl-M(choose 2 x 3) 13579 11
B:=Crl-M(choose 2 x 3) 246 8 10 12
C:=A+B C =

Rule: A, B, and C must all have the same dimensions
Trangpose

Transposing a matrix means swapping rows and columns of a matrix. No matrix dimension restrictions
Some examples:

1-D A = I:S 2 9:|, AT = |9| 1x3 becomes==> 3x1
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8.1 3.2
2-D B = |:8'1 —4.5 _7‘6j|, BT = 145131 2x3 becomes==> 3x2
32 3.1 39
-7.6 3.9

In general
B(i,j) = B'(j, 1)
In Mathcad, Thetransposeis can be keystroked by Ctrl - 1 (the number one)

or you can view the matrix pallet (view -> toolbars -> matrix) and click the M symbol

59
B:5362 BCtr|-1:ans:38
9847 64
27
Multiplication

Multiplication of matricesis not as simple as addition or subtraction. It is not an element by element mul-
tiplication as you might suspect it would be. Rather, matrix multiplication is the result of the dot products
of rowsin one matrix with columns of another. Consider:

C:=A*B

matrix multiplication gives the i" row and k™ column spot in C as the scalar results of the dot product of
theit row in A with the k! columnin B. In equation form this looks like:

# of columns in A
— *
Cir = > AT By
Jj=1

Let’s break this down in a step-by-step example:

Step 1: Dot Product (a 1-row matrix times a 1-column matrix)
The Dot product isthe scalar result of multiplying one row by one column

6
[2 5 3]* gl = 2*¥6+5*8 +3%7 = 731x1 DOT PRODUCT OF ROW AND COLUMN
1x3 7
3x1

Rule:
1) # of elementsin the row and column must be the same
2) must be arow times a column, not a column times arow

Step 2: general matrix multiplication is taking a series of dot products
each row in pre-matrix by each column in post-matrix
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56
14 2] g 12| = 1#5+4*8+2*10  1*6+4*12+2*11| _ | 57 76
937 9*543*%8+7*%10  9*6+3*12+7*11 139 167

2x3 1011 3x2 2x2

C(i,k) isthe result of the dot product of row i in A with columnkin B

Matrix Multiplication Rules:

1) The# of columnsin the pre-matrix must equal # of rowsin post-matrix
inner matrix dimensions must agree

2) Theresult of the multiplication will have the outer dimensions
# rowsin pre-matrix by # columns in post-matrix

For this example, apply rules
C:=A*B

Aisnrax nca (#rowsinaby #columnsin a)
B isnrbx ncb

Rule 1 says.

nca=nrb or elsewe can't multiply (can’t take dot products with
different number of termsin row and column)

Rule 2 says:
Cwill be of sizenrax ncb

result C has outer dimensions
|

nra x nca * nrb x ncb

L

inner dimensions must agree
How to perform matrix multiplication in Mathcad??? Easy

45 9 1 66 64
A= B:= C:=A-B C=
21 6 12 24 14
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Note: If inner matrix dimensions don’t match, Mathcad can’t perform the operation since it violates the
rules of matrix multiplication, and you' Il get an error that says:

“the nunber of rows and or columms in these arrays do not match”

example: Let'stry to multiply a 2x3 by another 2x3 (rules say we can’t do this)

341 295
A= B:= C=AB
0409 945

Mat hcad will tell you:
“the nunber of rows and or columms in these arrays do not match”

Since the # of columnsin A was not equal to # of rowsin B, we can't multiply A * B

IMPORTANT: Another example: Say we create a 1-D vector x with the following:
x:=(3 8 9 5)

Now say we want to square each number in x. It would seem natural to do this:

XN2 =
But Mathcad tells us;

“This Matrix nust be square. It should have the sanme nunber of rows as
col ums”

Notethat x"2 =isthe sameassaying x*x =

Mathcad by default will always interpret any multiplication as a standard dot product type matrix multi-
plication, thus we can’'t take a dot product of two row vectors, since rules of matrix multiplication are vio-
lated in this case.

The exception to this default assumption in Mathcad is if the vector is a column instead of arow. In that
case, Mathcad will assume you want to square each element in the vector rather that apply standard
matrix multiplication.

If we just want to square the numbersin x, we can do this:

g © 00 W
N
R
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Or we can first convert arow into a column vector using transpose, and then square
Try this out

4
a:=(2 5 4) (aT)2: .

16
Practice matrix operations on the following examples.

List the size of the resulting matrix first. then perform the operations by hands. Use Mathcad to confirm
each of your answers.

2 97
[0 12 5]%|8| = 36[246}_
8 10 12
3
! 43].[87
o|*[218] = #°7) =
; 21] |96

B9ﬂ%b7ﬂ= P4ﬂ*32:
864 |,

DT
47,1535 «[1027| _
89 010 [635
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Solving ssmultaneous linear equationsusing Matrix Methods

Now we'll use matrices to represent sets of algebraic equations. The solution to these sets of equations
can be solved using matrix methods. The simultaneous solution of multiple equations finds its way in to
many common engineering problems. In fact, modern structural engineering analysistechniquesare ALL
ABOUT solving systems of equations simultaneously. You'll see the following material in CES 4141
(structures 1) for sure.

*  Matrices- an organized way of presenting a set of coupled equations.
*  Weseek asingle unique solution that satisfies all the equations at the same time.
Consider the three coupled linear equations below:

3X, +5X,+2X; =8
2X, +3X,-1X; = 1

»  Coupled because each equation has one or more termsin common with the others, X, X,, X5, 0
that a change in one of these variables will affect more than one equation.

*  Linear because each equation contains only first order terms of X, X,, X, . There are no terms
like X7, 0r /X, or log(X;), or 1/(X,X,), etc.

»  Using the rules of matrix multiplication, we can represent the above equationsin matrix form:

35 21X 8
23 —1||1X,] = |1
1 -2 -3 |x, _1
coefficient matrix A unknowns vector X solution vector B

Try multiplying the matrices A and X together, make sure you can get the original equations above.

There are several waysto solve for unknown vector X . Each method involves some manipulations to the

coefficient matrix using algebraic rules, creating a new and equivalent problem in amore easily solvable
form. These manipulations involve the addition of multiples of one row to another.

Adding one row to another results in an equivalent equation, since both sides are equal.

For example, starting with the two equations:

X, +5X, =3 D

-2X,-3X, =5 ()]
their addition gives:

-1X,+2X, = 8 3

This addition does not add any new information, but it does present a new form of the old information.
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If we plot these 3 equations, the solution is the 19
place where they intersect. That is, we are seek- | ]
ing the one pair of X1 and X2 valueswhichlines | _;._*.c-"*"
along both or the original lines (eql, eq2). | e e
a - w o o
For only two equations and two unknowns, find-  — " . &
ing the solution is trivial substitution. However, c__.._--.:“"“:-:——_______
many problems require the solution of many % & X o —
equations and as many unknowns. If we had 5 .z N T
equations and 5 unknowns, things get more diffi- | i
cult to handle with just substitution. — 2q:1 i
o eq.2 .
We' Il now look at several ways to systematically st — eq.3
solve a set of simultaneous equations of any size. ”'

=
=
I
=

First we put the equations in matrix form, then 1o
manipulate the matrix to get a solution.

Gaussian Elimination (method #1):

Consider the three coupled linear equations given earlier. The original form looks like this:

35 2% 8
23 —1[|X,| = | 1] (4)
1-2-3)|x,| [

But what if we could recast the same problem to look like this?

M3

|

o E x| = |-Y (5)
3

|

L

This makes life easier, since there is less coupling between equations. In fact, X; can be solved immedi-
ately using the bottom equation ==> 0X, + 0X, - 2X, = -4 togive X; = 2. Now theresult can be used

11

to write the middle equation as OXl—?X2 - 13—1(2) = —13—1 to get ==> X, = —1. Finaly, the known val-

ues X, X, areusedto solvefor X, inthefirst equationto get ==> X, = 3.

This easy solution processis called back-substitution, and is made possible by the lower triangle of zeros
in the coefficient matrix, marked with a dashed triangular box.

Great, it would be nice if the problem looked like Eq. (5), but it actually looks like EQ. (4), so what now?
We can use a series of additions of the 3 equations in Eq. (4) to get it to look like Eq. (5). In a series of

steps just like the above addition of Eqgs (1), (2) to get Eq. (3) we'll reduce the coefficients
A(2,1),A(3,1),A(3,2) tozero, in that order.
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KEY: Whatever we do to the |.h.s. of an equation, we do to the r.h.s. so we don’t change the problem.

Let’s rewrite the matrix in EQ. (4) to get one matrix with both A and B init:
Thisis called augmenting the matrix.

l.h.s.

23 11 (6)
r.n.s.
1-2-3L1
A B

Step 1) - reduce A(2,1) to zero

New Row 2 = (Row 1)(-2/3) + (Row 2)

Row 1iscalled pivot row for this step. Some multiple of it is added to another equation, but the pivot row
remains unchanged

3020 s020,020 020
0307030 ~030 " 30
- 7
add 2 3 1 1 (7)
o 1 7 13
3 3 3
3528
ol 7|13 < NewRow2 (8)
3 3|3
1 -2-3|-1

Step 2) - reduce A(3,1) to zero

New Row 3 = (Row1)(-1/3) + (Row 3)
Row 1 isthe pivot row again
Expanding thisinstruction like we did in Eq.(7), theresult is

35 2 |8]

1 7113
0 3 303 / New Row 3 (9)
o 1l 1|1

3 3|3

Now we need to reduce A(3,2) to zero. If we added some multiple of Row 1, then A(3,1) would become
non-zero. Instead, we'll need to add some multiple of Row 2 to Row 3 to get anew Row 3.

Before we go on, let's consider error reduction...

error reduction - swap Rows 2 and 3
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» If there were some numerical error in the computer storage of any coefficient, say the error from
rounding off the -1/3 currently in spot A(2,2), then when we multiply Row 2 by some factor and
add it to Row 3, we aso multiply the error by that factor.

» If wecanaways multiply by some small number (less than 1), we can reduce the propagation of
that round-off error.

*  We can enforce this by making sure the lead coefficient (the pivot coefficient) in the pivot row
has the largest absolute value among itself and all the coefficients under it (the coefficientsto be
reduced to zero).

*  Sinceit does not matter what order | put the equations in, we will rearrange rows when we find
the current pivot coefficient has a smaller absolute value than those beneath it. In the current
example we have:

*  Row 2 will bethe pivot row to eliminate A(3,2), which makes A(2,2) the pivot coefficient. Since

I

3 > —5’ , we'll swap Rows 2 and 3, and the new pivot coefficient will be largest:

03 33 (10)

Now we can continue with minimal round-off error propagation

Step 3) - reduce A(3,2) to zero

New Row 3 = (Row 2)(-1/11) + (Row 3)
Row 2 is the pivot row now

35 2|8

0 _H _Q _H New Row 3 (11)
3 31 3

0O 0 2|4

305 2 ][x 8

0 RS X,| = _u (12
33 3

0 0o —2|X |-4
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Summary of Gaussian Elimination:

Starting with a problem defined as in Eq. (4), we created some equivalent problem Eq. (5),(12) with the
desired lower triangle of zeros. (12) and (4) are equivalent since all we did was a series of steps where we
added the same thing to both sides of arow.

*  Now alittle back-substitution (the paragraph following Eq. (5)) gives us

X 3
X,| = |-1 (13)
X, 2

Solution Method 2

The Inverse matrix (matrix version of division):
Let’s take another look at the matrix problem
AX = B (14)
where we have A, B, and we want to solve for the unknown(s) X. If this were a scalar problem, the
answer isjust to divide both sidesby A
Ax - B o x=B/A. (15)
A A
There is no dividing with matrices, but we can try to find some other matrix (M) to pre-multiply both
sides with such that we're left with
M(AX) = M(B) = X (16)
which says that
MAX = X. (17)

What we seek what is called the Identity matrix (denoted I). A square matrix with ones on the diagonal,
and zeros everywhere else. Multiplying any matrix by the Identity matrix (I) is equivalent to multiplying
by onein the scalar world.

100X X,
IX = 010X2=X2=X (18)
001)(3 X,

TRY IT! Perform the multiplication in Eq. (18) by hand to see that it's true.
So Egs. (16), and (17) say that what we want issome ‘magic’ matrix M such that

MAX=1X=X o MA=1. (19)

Back in the scalar world again, we can always get 1 by dividing anything by itself, or multiplying any-
thing by itsinverse
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So let’s call the matrix weseek, M , theinverseof A , since we want the resulting multiplication to be the

identity matrix. We'll change the symbol from M to A™" toindicate theinverse of A.

MA = A"'A = 1.

What we seek is A~ so we can get the solution for x from

AX = B (20)

equivalent to
A'Ax = A7'B (21)

equivalent to
IX=A"'B (22)

equivalent to
X=A"'B (23)

Gauss-Jordan Elimination - finding theinverse
Gauss-Jordan Elimination |: For thefirst version of this method, let’s continue where we |eft off in the
Gaussian elimination example:

3 5 2 X,
o 1L _11 X,| = _1L (24)
3 3 3
0 0 2% |4
where Gaussian elimination is used to get the lower triangle of zeros.
* Theideaof Gauss Jordan elimination isto continue the algebra to get an upper triangle of zeros,
until the three equations are completely uncoupled.
*  Just asweworked from top to bottom to get zerosfor A(2,1), A(3,1), and A(3,2) in that order, we
can start working from the bottom up to make A(2,3), A(1,3), and A(1,2) zero, in that order.
o Just start with the bottom as the pivot row to zero A(2,3), A(1,3), then switch the pivot row to the
second row to make A(1,2) zero.
The three stepsto get rid of A(2,3), A(1,3), A(1,2) would be
Step 1) New Row 2 = (Row 3)(-11/6) + (Row 2)
Step 2) New Row 1 = (Row 3)(1) + (Row 1)
Step 3) New Row 1 = (Row 2)(15/11) + (Row 1)
And theresultis

30 offx] |9

o -Uollx,|= |1 (25)
3 3
0o 0o -2/X3 |4
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We see now that the three equations have been completely uncoupled.
Now if we multiply each row by whatever it takes to make the A coefficient in that row equal to 1, we get

1 00| % 3
010X, = |-1 (26)
00 1]| X, 2

Thislast bit of making each coefficient equal to oneis called normalizing

Thesolution X, =3 , X, =-1 , X; =2 isnow shown directly on the right hand side.

Notice that A has been transformed into the identity matrix!

What we have done is built the inverse matrix A~ into the ri ght hand side of the equation. So what we
seein Eq. (26) is exactly the result of

AT'AX = A7'B
Summary of Gauss Jordan Elimination | -

1) Augment coefficient matrix with the solution vector

2) Create lower triangle of zeros

3) Create upper triangle of zeros

4) Normalize the coefficient matrix

5) Values of the unknowns are now in the right hand column

Gauss-Jordan Elimination part Il - Finding 4™ directly

*  Inthe above method, we used Gauss-Jordan elimination, and wound up with the result of A'B
on the right hand side.

«  Wenever actualy explicitly ‘saw’ A™", it wasjust built in.

We can also used Gauss-Jordan elimination to explicitly compute the inverse of A , then multiply

this A~ by B to get the desired unknownsin X asin X = AT'B.
Asyou may have noticed, finding A" has nothing to do with what'sin B . Only A isneeded to
find A™". Let'slook way back at Eq. (6), repeated below

35 218 )

53 111 A augmented with B. 27)
1 -2 -3F1

A B

We augmented the matrix A with B, since we wanted to operate on B.
Now Let’s throw out B and replace it with the identity matrix
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35 2 100
2 3 -1 010
1-2-3 {001

A I

(28)

If we now use the Gauss-Jordan elimination method to reduce the three left hand columns to the identity
matriX, the result on the right hand side is the inverse of A. We do the exact same steps we did before to

get to Eq. (26). Only this time, instead of tacking on B for the ride, we tack on what starts as 1 for the

ride. When its all over, the right three columns are A
Example: we'll just solve for the inverse of a2x2

Start with
12 ‘ 10
34101

Step 1) New Row 2 = (Row 1)(-3) + Row 2.............. [l 2 ‘ 1 0}

The steps are:

0-2 |31

finished lower triangle of zeros, now get upper triangle of zeros

Step 2) New Row 1= (Row 2)(1) + Row 1 .............. [l 0 ‘ -2 0}
0-2 |31

Step 3) Normalize each row: (Row 2)(-1/2)

Thereaultis: 10} -2 1 )
01| 1.5-05

WhichmeansA_1 = |2 1|,
1.5 -0.5]

How can | check to make sure the inverse of [l 2} isreally {_2 1 } 777?
34 1.5 -0.5

Weknow that A™'A = 1 = [l 0} ,
0

so let’stry it

Gad b

[l 0} . This checks out, so we' ve found the inverse
01
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Solving equations using Mathcad

Let’s go back to the original problem in this lecture
3X, +5X,+2X; =8
1X,-2X,-3X; = -1

35 201X 8

Re-written as 23 —1||%,] = |1
1-2-3 X, -1
coefficient matrix A unknowns vector X~ solution vector B

Let’s use the built in Mathcad commands to solve the problem defined as:

A*X =B We havethe matrix A, and the vector B, find the vector X

35 2 8
A=2 3 -1 B:=
1-2-3 -1
3
-1
X=A "B X=|-1
2

Yep, 13 pages of lecture notes captured in asingle Mathcad line

(of course the inverse function contains the Mathcad code to augment the matrix, create the upper and

lower triangles, and normalize)

We can also use abuilt in function called ‘Isolve’ to calculate the solutiont A*X =B

35 2 8 3
A=|l2 3 -1 B:=( 1 X :=lsolve(A,B) X=|-1
1 -2 -3 -1 2
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