
Lecture4 – AnalogueRealisationof
Filter Transfer Functions

4.1 LCR filters

Theuseof all 3 typesof linearelectriccircuit elements– R’s,L’sandC’s– enables
polesor zeroesto beplacedanywherein the � -plane,andin particularanywhere
to the left of the imaginaryaxis; henceany Butterworth, Chebyshev, elliptic or
Bessel-Thomsonfilter canin theorybe realisedwith a passive LCR filter. The
synthesisof suchfilters is a subjecton its own andwe will only cover thebasics
in this lecture.

Although goodband-passcharacteristicscanbe achieved with passive LCR
filters, theuseof inductorsis bestavoided,especiallyat low frequencies.Induc-
tors tendto be lossy(i.e. they have significantseriesresistance),expensive and
bulky overthelow-frequency range.Theuseof activedevicesallowsinductorsto
beeliminatedfrom thenetwork, asa circuit with R’s andC’s only but with gain
canhavepolesor zeroesanywherein the � -domain.

4.2 Activefilters

Theseare usually built aroundoperationalamplifierswhich have a high input
impedance(i.e. a JFET input stage). Componentaccuracy betterthan10% is
required,and 5% or even 2% may be neededfor Chebyshev and higher-order
filters. Thereareanumberof circuit designs,andyouwill alreadyhavemetsome
of thesein the ElectronicInstrumentationcoursein your secondyear. Someof
whatfollowsshouldthereforeberevision.
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4.2.1 Low-passfilters

Thegeneraltransferfunctionfor asecond-orderlow-passfilter is :

��� ����� �	�
��� � ��������� 
��� � ��������� �
where � = d.c. gainof filter and ��� = cut-off frequency Thecircuit in Fig. 4.1
will implementtheabove transferfunction. To analysethecircuit, startfrom the
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Figure4.1: Second-orderLPF circuit.

right andwork towardstheleft; thefinal result(seeSecondYearlecturenotes)is:������ � ����� �	�
 ��� � � �"! �#
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For aButterworthfilter,

�)�
= 1 and

���
= 2*

i.e. ���+� 	, � � � � ! � ! � * �.- � �� �0/ ! �1
 ! �2 , ! � ! � $ � � $3	 �2 - � � ! �� � ! �
To implementtheButterworthsecond-ordersection,therearetwo possibilities:

Sallen-Keyfilter ( � � 	
)

If � � 	
, then * � ���4 5)6587:9<; 7>= ; 6? ; 7 ; 6 which is greaterthan 4 5)6587 since ; 7>= ; 6� @, ! � ! �

.
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So for *BA 	
, we need � � @ � �

. Usually
! � � ! � � !

andthe resistor
valueis chosento beaslargeaspossibleso that thecapacitorswill besmall (in
general,the capacitorswill have to be madefrom a combinationof individual
components).

VCVS filter ( � @ 	
)

An ideal voltage–controlledvoltagesource(VCVS) is a voltageamplifier withC �EDF�HG ,
C �JILKM�HN and a constantvoltagegain. The high input impedance,

low outputimpedanceandstablegainof anop-ampconfiguredasanon-inverting
amplifiermakeit agoodapproximationto anidealVCVS.With theVCVScircuit,
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K > 1+
-

Figure4.2: � @ 	
gainstage for VCVSfilter.

we cannow set � � �O� �
and

! � � ! �
. The disadvantageis that the dc gain

is constrainedto be someodd value,difficult to obtainpreciselyunlessclose–
toleranceresistorsareusedfor RP andRQ .
4.3 High–passfilters

��� ����� � � ��������� �	R
S2 * � �������T� 
 � ��������� �
where� = high–frequency gain4 and ��� = cut–off frequency

4in practice,theresponseof thehigh–passfilter mustfall off athighfrequenciesbecauseof the
open–loopbandwidthlimitationsof theop–amp.
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Sucha filter canberealisedsimplyby interchangingtheresistorsandcapaci-
torsin thecircuit of Fig. 4.1.

4.4 Band-passfilters

�U� ����� � / 2 * � �����VDW�	R
B2 * � �����VDW� 
 � �����VDX� �
where� = mid-bandgainand ��D = centrefrequency.

Theabove is normallyre–writtenas:��� ����� � � �WYZ� / � �����VD[�	\
 �] �_^`�a � 
 �_^`ba � �
sinceY = quality factor=

	 � 2 * = �VD[�XcZ�cZ� is the3 dB bandwidthof thebandpassfilter, ie. ��I $ ��d where �VI is the
upperlimit of thepassbandand �<d thelower limit.

Theband-passversionof theVCVSfilter circuit (seeFig. 4.3)canbeanalysed
in the sameway as the low-passfilter circuit, althoughoneendsup with very
cumbersomeexpressionsfor � , ��D and Y (seeG.B. Clayton,Linear Integrated
Circuit Applications, page63). The multiple-feedbackdesignthat follows is a
muchmorepopularalternative for band-passfilters.
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Figure4.3: VCVSband-passfilter circuit
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Figure4.4: Generalisedmultiplefeedback circuit.

4.5 Multiple feedbackcircuits

SummingthecurrentsatnodeN gives:

e � �gf � � ��� $ �Xh���� e ��
 e P 
 e Q �if � �Xh 
 f P �Xh 
 f Q � �Wh $ ���j�
Re-arrangingtheabove leadsto:

f � ���k�l�Wh � f �1
 f �<
 f P 
 f Q � $ f Q ���
Wealsohave:

f P �Whm� $ fonj�W� p �Xhq� $ fonf P �W�
f � f P ���#�r�W�b� $ fsn � f �1
 f �<
 f P 
 f Q � $ f P f Q '

andsoweendupwith:
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������ � $ f � f Pfon � f �#
 f �<
 f P 
 f Q � 
 f P f Q
For a low–passfilter, f � � 	 � ! �Lt f P � 	 � ! �bt f Q � 	 � ! P and f � �u�b� �vt fonw��b� �

.

For ahigh–passfilter, swapthe
!

’s and � ’s,asbefore.

For a band–passfilter, f � � 	 � ! �vt f � � 	 � ! �bt fonx� 	 � ! P and f P �y�b� �Lt f Q ��b� �
.

Exampleof a band-passfilter usingmultiple feedbackdesign

For thecasewhen � � �i� �
, wehave thefollowing circuit,
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Figure4.5: Multiple feedback 2nd-orderband-passfilter circuit.

� � $ �� ;(z; 7 (gainat resonance)�VDx� �5 ? ; 7 6&{ ;8z
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Y|�iN /~}o� ! P � ! �"�
where

! �"� � ; 7 ; 6; 7 = ; 6 .

SinceY � � �Q ;8z; 7 6 and ��� � � � �Q ;8z; 7 , wemusthave Y � @ �s� � � .
Notethat,since Y dependson thesquareroot of componentratios,a high-Y

filter ( � 	 N[N ) requiresvery high componentratios. In practice,
! �

needsto be
adjustablein orderto get thecorrectresonantfrequency, asthe latter is affected
by thenon-idealbehaviour of theop-amp.

4.6 State-variable filters

Theperformanceof second-ordersectionscanbeimprovedby theintroductionof
additionalop-amps.The disadvantageof increasedpower consumptionis more
thanoffsetby reducedsensitivity to componentvariationsandtheuseof a stan-
dardtopologyto realizethebasicfrequency responses.

One suchcircuit is the state-variablefilter which canprovide second-order
low-pass,band-passandhigh-passoutputssimultaneously. Thecircuit consistsof
two integratorsandaninvertinggainstage.In theversionshown below, negative
feedbackaroundall 3 stagesis providedby

! n , whilst
!0�

and
!:�

form a positive
feedbackloop aroundthefirst two stages.It is a simplematterto show that ��� ,�W� and � 5 arethehigh-pass,band-passandlow-passoutputs,respectively.

52



-

+
-

+
-

+

R1Vi

Va

R3

gnd

Vb

C1

gnd

R4

Vc

R5

R2

gnd

R6
R7

Figure4.6: Universalor state-variablefilter.
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4.7 Switched-capacitorfilters

Switched-capacitortechnologyfirst arosefrom the needto implementanalogue
filters asintegratedcircuits. It is relatively easyto fabricateswitches,capacitors
andop-ampsin VLSI, butnotresistors.Theproblemwassolvedbyapproximating
resistorsusingtwo MOSswitchesanda capacitor, aswill now beexplained.

4.7.1 The switchedcapacitor

Thekey to thecircuit in Fig. 4.7operatingasaresistoris theuseof two anti-phase
clocks � �

and � �
sothat,whenMOSFETA is on,thenB is off andvice-versa(i.e.

a single-poledouble-throw switch). Assumeintitially that A is on andB is off.

gnd

A BV1 V2

φ1 φ2

C

equiv
Req

Figure4.7: Equivalentresistor.

Thencapacitor� will chargeupto voltage� �
with atimeconstantequalto � !:�1�

,
where

!:�1�
is theon-resistanceof theFET switch(this time constantneedsto be

small comparedwith variationsin � � ��� � ). On the next clock edge,the switch is
changedto theotherposition(A off andB on)andthecapacitorwill dischargeto� �

, providedthat � � A � �
. Thuscharge � �J� �1$ � � � is transferredfrom left to right

ateverycycle. If theclock frequency is � � , thentheaveragecurrentis:� ��� �\� cw�c � � � � � �<$ � � �	 � � �
Thesizeof anequivalentresistorto givethesamevalueof currentwouldbe:!0�J� � � �<$ � �� � 	� ���
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Thustheswitchedcapacitoris approximatelyequivalentto a resistor
!0�J�

of value	 � � � ���Z� , providedthattheswitchingfrequency � � is muchlargerthanthehighest
frequency in � � ��� � and � � ��� � . A typical valuefor � � is 100kHz, whichmeansthat
switched-capacitorfilterscanbeusedfor audiofiltersandin speechcoders.

4.7.2 Switched-capacitorintegrator

Considertheintegrator(or first-orderlow-passfilter) circuit shown in Fig. 4.8,for
which thetransferfunctionis: �W���� � $ 	�b� � !
Theswitchedcapacitorimplementationhasa transferfunctiongivenby substitut-
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Figure4.8: Switched-capacitorintegrator circuit.

ing
!0�J�

for
!

, suchthat: ������ � $ � � � �� � 	�
which involvesthe ratio 5875 6 . IntegratedMOS capacitorshave a valuewhich is
determinedby thedielectricconstant,thethicknessof thedielectricandthearea
of thecapacitor. Assumingthat thedielectricconstantandthicknessdo not vary,
the ratio of two capacitorsmadewithin the sameintegratedcircuit will depend
onlyon their arearatio. This is primarily determinedby thegeometricalshapeof
the capacitorswhich canbecontrolledaccuratelywhenusingphotolithographic
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techniques.Hencethe ratio of capacitancescanbe realisedwith accuracy even
thoughthevalueof capacitancecannotbe.

Provided that � ��� � �
and, as before, that � ��� pass-bandfrequencies,

then the switched-capacitorimplementationis an adequateapproximationto a
continuoustime analogueintegrator5. The time constantof the integrator( � �5 6�>� 587 ) – or 3dBbandwidthof thelow-passfilter – canbeaccuratelydefinedwith a
highdegreeof stabilitysinceit dependsonaratioof capacitorvalues;furthermore,
it canbevariedsimplyby adjustingtheclock frequency.

4.7.3 Gain stages

Theinvertingop-ampamplifiercanbeconvertedto its switched-capacitorequiv-
alent by replacingeachresistorwith a switchedcapacitor(seeFig 4.9). Both
switchpairsareoperatedat thesameclock frequency andthetransferfunctionof
thecircuit is thereforegivenby: �W���� � $ � �� �
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φ∼φ

Figure4.9: Firstattemptat switched-capacitorinvertingop-ampamplifier.

5Whenthe switchingandsignal frequenciesareof the sameorderof magnitude,we cannot
ignorethetime samplingof thesignalandsampleddatatechniquesarerequiredfor analysis;we
haveto treatswitched-capacitorfiltersasdigital filtersandusethe � -transform– seenext lecture.
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As with the integrator, the gain dependson the ratio of two capacitors.The
above circuit, however, is impratical.SincetheFET switchesusedto implement
the feedbackresistorare never closedsimultaneously, no feedbackaroundthe
op-ampis provided. For this reason,the circuit below is usedinstead. When� � 	

, � �
is chargedto theinputsignal ��� and � �

is discharged(sothatthecharge
previouslystoredon thepreviouscycle is not retained).When � ��N , thevoltage
on � �

is appliedto theop-ampand � �
formsthefeedbackpath.
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Figure4.10:Practicalswitched-capacitorinvertingop-ampamplifier.

4.7.4 Switched-capacitorsecond-ordersections

Therearetwomainconstraintswhichconversiontoanequivalentswitched-capacitor
implementationimposeson thesecircuits:� switched-capacitorresistors cannotclosean op-ampfeedback path. The

solutionof thepreviouspageis notapplicableto all circuits.� no floating nodes. All capacitive platesare subjectto charge accumula-
tion from a variety of parasiticsourcessuchas leakagecurrents. In or-
der to insurestability of the circuit, theremust be a path either directly
or throughswitched-capacitorresistorsfrom every nodein thecircuit to a
voltagesource.Circuitswith floatingnodes,suchasthosewith two passive
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elementsin series,haveto beavoidedandthisrulesoutSallen-Key circuits,
for example.

Of all the second-ordersectionsconsideredin the last few pages,only the
state-variablefilter is ideally suitedto switched-capacitorimplementation(and
indeedis availablecommerciallyasaprogrammableanaloguefilter chip).

4.8 Higher-order filters

The most widely usedsynthesisprocedurefor realisinghigh-orderfilters is to
cascade� � 2

second-ordersections,if � is even,and
� � $3	 �&� 2

second-ordersec-
tions togetherwith onefirst-ordersectionif � is odd. In general,the individual
second-ordersectionsin a cascadefilter arenot identical; eachsection repre-
sentsa quadratic polynomial factor in the � -th order polynomial describing
the overall filter . Fortunately, thisproblemhasbeensolvedmany timesoverand
therearedesignequationsandtablesin mostfilter handbooksfor all thestandard
filter responses.Therearetablesfor both the unity-gainSallen-Key andVCVS
filters,althoughthelatteris morepopularfor cascadedstages:eachstagehasgain
sothat,asthebandwidthis reducedthroughthefilter, thefull bandwidthrmssig-
nal is kept nearlyconstant.This helpsto prevent the introductionof significant
amplifiernoiseandallows largesignalsto beused.
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