Lecture 4 — Analogue Realisation of
Filter Transfer Functions

4.1 LCR filters

Theuseof all 3typesof linearelectriccircuitelements-R’s,L’sandC’s—enables
polesor zeroego be placedarywherein the s-plane,andin particulararywhere
to the left of the imaginaryaxis; henceary Butterworth, Chebyshe, elliptic or
Bessel-Thomsofilter canin theorybe realisedwith a passve LCR filter. The
synthesif suchfiltersis a subjecton its own andwe will only coverthebasics
in thislecture.

Although good band-pasgharacteristicean be achieved with passve LCR
filters, the useof inductorsis bestavoided,especiallyat low frequencieslinduc-
torstendto belossy(i.e. they have significantseriesresistance)expensve and
bulky overthelow-frequeng range.Theuseof active devicesallowsinductorsto
be eliminatedfrom the network, asa circuit with R’s andC’s only but with gain
canhave polesor zeroesarywherein the s-domain.

4.2 Activefilters

Theseare usually built aroundoperationalamplifierswhich have a high input
impedancei.e. a JFET input stage). Componentaccurag betterthan 10% is
required,and 5% or even 2% may be neededfor Chebyshe and higherorder
filters. Thereareanumberof circuit designsandyouwill alreadyhave metsome
of thesein the Electronicinstrumentatiorcoursein your secondyear Someof
whatfollows shouldthereforeberevision.
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4.2.1 Low-passfilters

Thegeneratransferfunctionfor a second-ordelow-pasdilter is :

_ K
1+ ay(s/we) + as(s/we)?

G(s)

where K = d.c. gainof filter andw, = cut-off frequeng The circuit in Fig. 4.1
will implementthe above transferfunction. To analysehe circuit, startfrom the
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Figure4.1: Second-ater LPF circuit.

right andwork towardstheleft; thefinal result(seeSecondyearlecturenotes)is:

Vo, \ K
o §) =7 +s[Co(R1 + Ry) + (1 — K)C1Ry] + s2C1CyR R

For aButterworthfilter, a, = 1 anda; = 2¢

i e 1 C 02 R1 + RQ (K - 1) ClRl
e W= me——— =4/ —. — /

AV4 0102R1R2 01 2\/R1R2 2 02R2
To implementthe Butterworth second-ordesection therearetwo possibilities:

Sallen-Keyfilter (K =1)

If K = 1,then¢ = /& - 5% which is greaterthan | /<> since e >
VR R,.
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Sofor ¢ < 1, weneedC; > C,. Usually R, = R, = R andtheresistor
valueis choseno be aslarge aspossibleso thatthe capacitorswill be small(in
general,the capacitorswill have to be madefrom a combinationof individual
components).

VCVS filter (K > 1)

An ideal voltage—controlledsoltage source(VCVS) is a voltageamplifier with
Zim = 0, Zyy = 0 anda constantvoltagegain. The high input impedance,
low outputimpedancendstablegainof anop-ampconfiguredasa non-inverting
amplifiermaleit agoodapproximatiorto anidealVCVS. With theVCVS circuit,

K>1

R4
R3

gnd
Figure4.2: K > 1 gainstage for VCVfilter.

we cannow setCy = (s and Ry = R,. Thedisadwantageis thatthe dc gain
is constrainedo be someodd value, difficult to obtain preciselyunlessclose—
toleranceaesistorareusedfor R; andR,.

4.3 High—passfilters

_ K(s/we)?
14+ 2¢(s/we) + (5/w,)?

whereK = high—frequeng gairt andw, = cut—of frequeny

G(s)

4in practice theresponsef the high—passdilter mustfall off athigh frequenciebecausef the
open—loophandwidthlimitationsof the op—amp.
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Suchafilter canberealisedsimply by interchangingheresistorsaandcapaci-
torsin thecircuit of Fig. 4.1.

4.4 Band-passiilters

_ K .2((s/wy)
1+ 2((s/wn) + (s/wn)?

whereK = mid-bandgainandw,, = centrefrequeny.
Theabove is normallyre—writtenas:

_(K/Q) (s/w)
MU

Wn

G(s)

since@ = quality factor=1/2¢ = w, /Aw

Aw is the 3 dB bandwidthof the bandpaséilter, ie. w, — w; wherew, is the
upperlimit of thepassbandndw, thelower limit.

Theband-passersionof theVCVSfilter circuit (seeFig. 4.3)canbeanalysed
in the sameway asthe low-passfilter circuit, althoughone endsup with very
cumbersomexpressiondor K, w, and@ (seeG.B. Clayton,Linear Integrated
Circuit Applications page63). The multiple-feedbacldesignthat follows is a
muchmorepopularalternatve for band-paséilters.

L
R2

R1 C1l
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C2 Vo

Figure4.3: VCVSbhand-pasdilter circuit
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Figure4.4: Genealisedmultiplefeedbak circuit.

4.5 Multiple feedbackcircuits

Summingthecurrentsat nodeN gives:

Il = Yl(UZ' — ’UN) = IQ + 13 + I4 = 1/21)]\7 + Y},’UN + Y;L(’UN - 1)0)

Re-arranginghe above leadsto:

Yivi=on(M1+ Yo+ Y3 +Y,) — Yy,

We alsohave:

Ysuoy =-Ysv, — uon=-—0,

Y1Ysv; = vo[—Y5 (Y1 + Yo + Y3 +Yy) — Y3Y)]

andsowe endup with:
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Vo -Y1Y;

v Ys(Vi+Ya+Y3+Ys) + Y3V,

For alow—pasdfilter, Y1 = 1/Ry;Y; = 1/Rs; Yy, = 1/R3 andY, = sCy;Ys =

802.

For a high—pasdilter, swapthe R’'sandC’s, asbefore.

For aband—paséilter, Y1 = 1/Ry;Ys = 1/Ry;Ys = 1/R3 andY; = sCy; Y, =

802.

Example of a band-passfilter using multiple feedbackdesign

For thecasewhen(C; = Cs,, we have thefollowing circuit,

|
|
C

—
R1 ! R3

—1_ ] 1 - B
C +

Vi R?2 Vo

Figure4.5: Multiple feedbak 2nd-oder band-pasdilter circuit.

1 R H
K=-33 (gainatresonance)

-1
Wn = Cv/R12.R3
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Q = 0.5\/Rs/Ru

R1R
whereR;, = I T

Since@” = ;42 and| & |= ; £, wemusthare Q* >| & |.

Notethat, since depend®n the squareroot of componentatios,a high-Q
filter (= 100) requiresvery high componentatios. In practice,R, needsto be
adjustablan orderto getthe correctresonanfrequeng, asthe latteris affected

by the non-idealbehaiour of the op-amp.

4.6 State-variable filters

Theperformancef second-ordesectionanbeimprovedby theintroductionof
additionalop-amps.The disadwantageof increasedower consumptions more
thanoffsetby reducedsensitvity to componentariationsandthe useof a stan-
dardtopologyto realizethe basicfrequeng responses.

One suchcircuit is the state-ariablefilter which can provide second-order
low-passhand-pasandhigh-pas®utputssimultaneouslyThecircuit consistof
two integratorsandaninvertinggain stage.In the versionshovn belowv, negative
feedbaclkaroundall 3 stagess providedby Rs, whilst Rg and R; form a positive
feedbacKoop aroundthefirst two stages.It is a simplematterto shav thatv 4,
vg andvg arethehigh-passband-pasandlow-passoutputs respectrely.
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Figure4.6: Universal or state-variabldfilter.
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4.7 Switched-capacitorfilters

Switched-capacitotechnologyfirst arosefrom the needto implementanalogue
filters asintegratedcircuits. It is relatively easyto fabricateswitches capacitors
andop-ampsn VLSI, but notresistors Theproblemwassolvedby approximating
resistorausingtwo MOS switchesanda capacitoraswill now be explained.

4.7.1 The switchedcapacitor

Thekey to thecircuitin Fig. 4.7 operatingasaresistoris theuseof two anti-phase
clocks¢, andg, sothat,whenMOSFETA is on,thenB is off andvice-versa(i.e.
a single-poledouble-threv switch). Assumeintitially thatA is on andB is off.

ff
Iat——"s!

L
1

gnd

equv —_ |

V1 V2 Req

Figure4.7: Equivalentresistor

ThencapacitoilC' will chageupto voltagev; with atime constanequalto CRpg,
whereRpg is theon-resistancef the FET switch (this time constannheedgo be
small comparedwith variationsin v;(¢)). On the next clock edge,the switchis
changedo theotherposition(A off andB on) andthe capacitowill dischageto
vg, providedthatv, < v;. ThuschageC(V; — vy) is transferredrom left to right
ateverycycle. If theclockfrequeng is f., thentheaveragecurrentis:

A C(vy —
i) = 24 _ Ci—v)
At 1/f.
Thesizeof anequvalentresistorto give the samevalueof currentwould be:

V1 — Vg 1
Re = - =
1 1 f.C
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Thusthe switchedcapacitoris approximatelyequialentto aresistork,, of value
1/(f.C), providedthatthe switchingfrequeng f. is muchlargerthanthehighest
frequeny in v;(t) andvy(t). A typical valuefor f, is 100kHz, which meanghat
switched-capacitdilters canbe usedfor audiofilters andin speecltoders.

4.7.2 Switched-capacitorintegrator

Considetheintegrator(or first-ordedow-pasdilter) circuit shavnin Fig. 4.8, for
whichthetransferfunctionis:

Vo 1

v, sCoR

Theswitchedcapacitoimplementatiorhasa transferfunctiongivenby substitut-

gnd
Figure4.8: Switded-capacitointegrator circulit.

ing R, for R, suchthat:

1
vZ fc 02 s
which involvesthe ratio Cl . IntegratedMOS capacitorshave a value which is
determinedy the dlelectrlcconstantlhe thicknessof the dielectricandthe area
of the capacitor Assumingthatthe dielectricconstaneandthicknesslo not vary,
the ratio of two capacitoramadewithin the sameintegratedcircuit will depend
onlyontheir arearatio. Thisis primarily determinedy thegeometricashapeof
the capacitorswvhich canbe controlledaccuratelywhenusing photolithographic
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techniques.Hencethe ratio of capacitancesanbe realisedwith accurag even
thoughthevalueof capacitanceannotbe.

Providedthat C; <« C, and, as before,that f. > pass-bandrequencies,
then the switched-capacitoimplementationis an adequateapproximationto a
continuoustime analogueintegratoF’ Thetime constantof the integrator(r =
canbeaccuratelydefinedwith a
ﬁlghdegreeof stability sinceit dependsm aratioof capacitovalues;furthermore,
it canbevariedsimply by adjustingthe clock frequeng.

4.7.3 Gain stages

Theinvertingop-ampamplifiercanbe corvertedto its switched-capacitoequi-
alentby replacingeachresistorwith a switchedcapacitor(seeFig 4.9). Both
switchpairsareoperateditthe sameclock frequeng andthetransferfunctionof
thecircuit is thereforegivenby:

1)0_ 01
v 02
I" [
¢ Lp T 1 T 1
l l c%
1 1 gnd _
Vi 1
| ClI + Ve

gnd
gnd

Figure4.9: Fir stattemptat switched-capacitoinvertingop-ampamplifiet

SWhenthe switchingandsignalfrequenciesare of the sameorderof magnitude we cannot
ignorethe time samplingof the signalandsampleddatatechniquesrerequiredfor analysiswe
have to treatswitched-capacitdilters asdigital filters andusethe z-transform- seenext lecture.
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As with the integrator the gain dependson the ratio of two capacitors.The
above circuit, however, is impratical. Sincethe FET switchesusedto implement
the feedbackresistorare never closedsimultaneouslyno feedbackaroundthe
op-ampis provided. For this reason the circuit below is usedinstead. When
¢ = 1, Cy is chagedto theinput signalv; andCs is dischaged(sothatthechage
previously storedon the previouscycleis notretained) When¢ = 0, thevoltage
on (' is appliedto theop-ampandC, formsthefeedbackpath.

¢ o 171
I
l 1l co
T 1 T _ |
e Vo

gnd
gnd

Figure4.10: Practical switched-capacitoinvertingop-ampamplifier

4.7.4 Switched-capacitorsecond-ordersections

Therearetwo mainconstraintsvhichcornversionto anequivalentswitched-capacitor
implementationmposeson thesecircuits:

e switcdhed-capacitorresistos cannotclosean op-ampfeedbak path The
solutionof the previous pageis notapplicableto all circuits.

¢ no floating nodes All capacitve platesare subjectto chage accumula-
tion from a variety of parasiticsourcessuchas leakagecurrents. In or-
der to insure stability of the circuit, there must be a path either directly
or throughswitched-capacitaresistors§rom every nodein the circuit to a
voltagesource Circuitswith floatingnodes suchasthosewith two passve
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elementsn serieshave to beavoidedandthis rulesout Sallen-key circuits,
for example.

Of all the second-ordesectionsconsideredn the last few pages,only the
state-ariablefilter is ideally suitedto switched-capacitormplementation(and
indeedis availablecommerciallyasa programmabl@nalogudilter chip).

4.8 Higher-order filters

The mostwidely usedsynthesisprocedurefor realisinghigh-orderfilters is to

cascade:/2 second-ordesectionsif n is even,and(n — 1)/2 second-ordesec-
tionstogethemwith onefirst-ordersectionif n is odd. In general the individual

second-ordesectionsin a cascaddilter are not identical; each sectionrepre-

sentsa quadratic polynomial factor in the n-th order polynomial describing

the overall filter. Fortunatelythis problemhasbeensolved mary timesoverand

therearedesignequationsandtablesin mostfilter handbookgor all the standard
filter responsesTherearetablesfor both the unity-gainSallen-Kkey andVCVS

filters, althoughthelatteris morepopularfor cascadedtageseachstagehasgain

sothat,asthe bandwidthis reducedhroughthefilter, thefull bandwidthrmssig-

nal is kept nearly constant. This helpsto preventthe introductionof significant
amplifiernoiseandallows large signalsto beused.
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