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DON HICKETHIER

ABSTRACT. In a traditional trigonometry class the Law of Sines and Law of
Cosines are fundamental tools used to solve triangles in a plane. Using vector
analysis similar laws can be found for triangles on the unit sphere. With a
slight alteration of the definition of “dot product” analogous laws are found
for triangles on the unit hyperboloid.

1. EUCLIDEAN 3-SPACE, E3
Definition 1.1. Euclidean 3-space, E3 = {x = (xl,xQ,x3) st 2?23 e R}

Definition 1.2 (Dot Product). For x,y € E3,

Xy = x1y1+m2y2+x3y3
x-x = [x?=(")+ @)+ ()
dg (x,y) = [x—y

Proposition 1.3. dg is a metric
Corollary 1.4 (Schwarz Inequality). |x-y| < |x]||y]
Equality can be attained by including a multiple, cos (8 (x,y)), in the inequality.
x -y = x| ly| cos 0 (x, )
where 6 (x,y) is the angle between x and y.

Definition 1.5 (Cross Product). For x,y € E3

i 5k
xxy=|z' 22 23
ytoyr P

Theorem 1.6. Properties of - and X

l.xXy=-yXxx
b 2?2 =z
2. (xxy)-z=|y" ¥ y
21 22 2
(xxy) z=(zxx) y=(yx2z) x
J.xx(yxz)=x-2)y—(
X Z
4. (xxy)-(zxw)= vz

Dave.
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Property 4 combined with x -y = |x| |y| cosf (x,y) yields

Ix xy| = |x|[y|sinf (x,y)

1.1. Triangles in E3. Triangles in E? consist of 3 points, x,y,z € E3 and the
geodesics connecting the points.
Geodesics are “straight lines” between points. In E?, geodesics are straight lines.

sides [x,y] ly, 2] (z,X]
lengths | a = dg (x,y) | b=dg (y,2) | ¢ = dg (z,%)
angles a 1) vy
Law of Sines
a b c
sina  sinf  siny
Law of Cosines
b2 + c? — a?
cosq = —————

2bc

2. UNIT SPHERE
Definition 2.1 (Unit Shpere, S?). S? = {x € E?: x| =1}
Notice x -y = |x||y|cos8 (x,y) = cosf (x,y) and |x X y| = |x]| |y|sinf (x,y) =
sinf (x,y) .
On S2?, the geodesic between two points is the shortest arc of the great circle

passing through the points. This gives the distance between two points on the
sphere to be

ds (x,y) = 0 (x,y) = cos' (x-y)

Then
0 <
ds (x,y) =

dS (Xa Y) <7
m <=y = —x (antipodal)

Proposition 2.2. dg is a metric.

2.1. Spherical Triangles. Triangles in S? consist of 3 points, x,y,z € S? and the
geodesics connecting the points.

Sides ] 7.7 X
lengths | a=60(x,y) b=10(y,z) c=0(z,x)
angles Q I} ~

geodesic | f:[0,a] — S? | g:[0,b] = S% | h:[0,c] — S?

Notice, using the right hand rule for cross product, that z x x is perpendicular
to b’/ (0) and y X z is perpendicular to —g’ (b) . Now it is not difficult to observe

0(y X2z,2XX)=T—«

0(y xz,xX2z)=«

O(zxx,xxy)=m—0

0(zxx,yxx)=p

O(xxyyxz)=m—1

O(xxy,zxy)=r
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2.2. Spherical Law of Sines. Consider
(yxz)x(zxx) = ((yxz)-x)z—((y xz) 2)x
= ((yxz)x)z
Now take the norm of both sides

((y xz) x (zxx)| = [((yx2)- x)z|
ly X z||z x x|sinf (y x z,z xx) = |((y x2z)- x)||z|
sinbsinesin(r —a) = |((y x2z)-x)|
sinbsincsina = |((y X z) - x)|
Similarly
(xx)x (xxy) = ((2x%)y)x
(xxy)x(yxz) = ((xxy)-2)y

Taking the norm of the reamining two equalities, noticing the right hand sides
of each are equal, yields

sinbsincsina = sincsinasin § = sinasinbsiny
Theorem 2.3. Spherical Law of Sines

sinb sina sine

sinf sina  siny

2.3. Spherical Law of Cosines. Consider

_ |y'z y-x
(yxz) (zxx) = vz 7x
(y-2)(z-%x) - (y-x)(z2)
= (y2)(z-x)-(-x
Using u- v = |u||v|cosf (u, v) gives
ly % z||z x x| cos (y X z,z X x)
= cos0 (y,z)cosf (z,x) — cosf (x,y)
Furthermore, |u X v| = |u| |v|sinf(u, v), so
sinbsinccos (mr —a) = cosbcosc— cosa
cosbcosc — cosa
—cosa = ——
sinbsinc
cosa — cosbcosc
cosa =

sinbsinc
3. MINKOWSKI 3-SPACE
Definition 3.1 (Minkowski 3-space, M?). M? = {x:x = (z',22,2%)}
Definition 3.2 (BoxDot Product). For x,y € M3,
xOy = a'y! + 222 — 2%
x [x

dr (x,y) = [x—yl

I
El
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x € M3 is called time-like if x 0 x < 0.
x € M3 is called space-like if x [x > 0.
x € M3 is called light-like if x [x = 0.
We will be mainly concerned with time-like vectors for the remainder of the time.

Proposition 3.3. dy, is not a metric

Corollary 3.4. For x and'y timelike vectors,
xHy = || llyll

Equality can be attained by including a multiple,
cosh (0 (x,y)), in the inequality.

x Uy = [[x] [y coshf (x,y)
where 6 (x,y) is the hyperbolic angle between x and y.

Definition 3.5 (BoxCross Product). For x,y € M3

i § —k
xNy=| 2! 22 x3
T TR o

Theorem 3.6. Properties of Vectors in Minkowski 3-Space

1. If x, y are positive time-like vectors, then x Xy is space-like.
2. If u, v are space-like vectors, then the following are equivalent:
(a) The vectors u and v satisfy the inequality
fu B o] < full o]l
(b) uXw is time-like.
(¢) The vector subspace V' spanned by u and v is space-like (every nonzero
vector is space-like).
3. If u, v are space-like vectors spanning a space-like vector space, then

wv = |ul [Jv] cos (u,v)
NluBoll| = ul [Jv]siné (u,v)
where |||ul||* = = (u B ).

Theorem 3.7. Properties of (1 and X
1. xRy=-yKx

b 2?2 oz
2. xRy)Bz=| y" y*> ¢°
Zl 232 23

3. xK(yNz)=—(xUz2)y - xHy)z)

xHz xHOw
4. xRy)d(zRw)=— vz yOw

For x and y time-like vectors, property 4 combined with xEy = ||x|| ||y || cosh 0 (x,y)
yields

[x < yll = = [Ix|[ lyll sinh 6 (x,y)
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3.1. Unit Hyperboloid, H?.
Definition 3.8. H? = {x e M? : x[x = —1}

Notice x Dy = ||x]| ||y]| cosh € (x,y) = — cosh 8 (x,y) and
Ix &y = — ||| ]| sink6 (x,y) = sinh 0 (x,y)..

On H?2, the geodesic is the branch of a hyperbola passing through the points.
This gives the distance between two points on the hyperboloid to be

di (x,y) = 0(x,y) = cosh ™" (~x [ y)
Notice
0<du(xy)
Proposition 3.9. dg is a metric.

3.2. Hyperbolic Triangles. Triangles on H? consist of 3 points, X,y,z, and the
geodesics connecting the points.

sides [x,¥] ly, z] [z, x]
lengths | a=0(x,y) b=10(y,z) c=0(z,x)
angles a 16} vy

geodesic | f:[0,a] - H? [ g:[0,b] — H? | h: [0,c] — H?

h’ (0) and —g’ (b) are space-like vectors spanning a space-like vector space. This
implies the angles are space-like angles, that is they are measured using a protractor.

O(yXRz,zRx)=mn—a | 0 (yXNz,xKz) =«
0zRx,xRy)=n—-0|0(zKx,yXKx)=0
0 (xNy,yXRz)=m—7 |0 (xNy,zNy) =~

3.3. Hyperbolic Law of Sines. Consider
(YRz)W(zKx) = —((yXNz)Ux)z-((yXz)Hz)x)
— —(yR2)Dx)z
Now take the norm of both sides, where y Xz and z X x are spacelike vectors

Iy B z) B (zKx)[| =[] ((y ¥ z) D x)z]|

ly Xz| ||z X x| sinf (y K z,zXx)
== ((y®z) Ex)| |||z

K z)Hx)| (—zHz)
X z) O x)|

sinhbsinhesin (7 —a) = |((y

sinh b sinh ¢ sin a

|
<

Similarly
(zXx) X (xXy)
(xKy)®(yRz) =

~(z8x) Dy)x
~(xRy)B2)y

Taking the norm of the remaining two equalities, noticing the right hand sides
of each are equal, yields

sinh bsinh ¢sin a = sinh csinh a sin 8 = sinh a sinh bsin ~y
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Theorem 3.10. Hyperbolic Law of Sines

sinh b _ sinha sinhe

sin3  sina  sinvy
3.4. Hyperbolic Law of Cosines. Consider

yHz ylx
zz z[x

—((yB2)(z0x%) - (y Ux) (-1))
= —((yOz) (z0x) + (yEx))

Using uld v = —coshf (u,v) for u, v.e€ H? and ulv = |[u|| ||v|| cos 8 (u, v) for
u, v space-like gives

(yXz)0(zKx) = —

ly X z|| ||z X x| cos 0 (y Xz, z X x)
= — (cosh 0 (y,z) cosh 6 (z,x) — cosh 0 (x,y))
Furthermore, ||u X v|| = sinh 6(u, v) for u, v € H?, so

sinhbsinhccos (m —a)) = — (coshbcoshe — cosha)

—(coshbcoshc — cosha)
—cosa =

sinh bsinh ¢

coshbcoshe — cosha
cosa =

sinh bsinh ¢
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